In this contribution we analyze rational spectral transformations related to associated polynomials with respect to probability measures supported on the interval [-1,1]. The connection with rational spectral transformations of measures supported on the unit circle using the Szegő transformation is presented.
1 Background.
Orthogonal polynomials on the real line and spectral transformations.
Let µ be a non trivial probability measure supported on a subset E of the real line. The sequence of polynomials {p n } n 0 , with p n (x) = γ n x n + δ n x n−1 + ... , γ n > 0, is said to be an orthonormal polynomial sequence associated with µ if E p n (x)p m (x)dµ(x) = δ m,n , m, n 0.
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The corresponding monic orthogonal polynomials , i.e. with leading coefficient equal to 1, are defined by P n (x) = p n (x)/γ n . The sequence {P n } n 0 satisfies the following three-term recurrence relation P n+1 (x) = (x − b n )P n (x) − a 2 n P n−1 (x), n 0,
with a n =
, n 0, and the initial conditions P −1 (x) = 0 and P 0 (x) = 1.
The matrix representation of (1) is xP(x) = JP(x), where P(x) = [P 0 (x), P 1 (x), · · · ] t and J is a tridiagonal matrix which is called in the literature monic Jacobi matrix [2] .
The Stieltjes function S (x) = E dµ(t) x − t has a significant relevance in the theory of orthogonal polynomials and admits the following series expansion at infinity
where µ k are the moments associated with µ given by
Given a measure µ supported on the real axis, some examples of perturbations of such a measure have been studied (see [1] , [15] , [17] ). In particular, three canonical cases are considered:
(i) The perturbation dμ = (x−β)dµ, β supp(µ), is the so-called canonical Christoffel transformation.
(ii) The perturbation dμ = dµ + M r δ β , β supp(µ), M r ∈ R, is the so-called canonical Uvarov transformation.
is the so-called canonical Geronimus transformation.
We will call a spectral rational transformation of a Stieltjes function S (x), a trans-
where A(x), B(x), C(x), and D(x) are polynomials in x. In the particular case when C(x) = 0, the transformation is said to be linear. The three canonical perturbations mentioned above correspond to spectral linear transformations of the corresponding Stieltjes functions. We will denote them R C , R U , and R G , respectively.
Orthogonal polynomials on the unit circle and spectral transformations.
Let σ be a non trivial probability measure supported on the unit circle T = {z ∈ C : |z| = 1}. Then there exists a sequence {ϕ n } n 0 of orthonormal polynomials
The corresponding monic polynomials are defined by Φ n (z) = ϕ n (z)/κ n . These polynomials satisfy the following recurrence relations (see [5] , [13] , [14] )
and the complex numbers {Φ n (0)} n 0 are called reflection (or Verblunsky) coefficients. Notice that |Φ n (0)| < 1, for every n 0. Here Φ * n (z) = z n Φ n (1/z) is the reversed polynomial associated with Φ n (z) (see [13] ). c k , the k-th moment associated with the measure σ, is defined by
In these conditions, we can introduce an analytic function in terms of the moments {c n } n 0 as follows
We can associate with this function a linear functional L F defined on the linear space of Laurent polynomials 
We consider three cases of canonical transformations introduced in [3] .
(i) The perturbation dσ = |z − α| 2 dσ, |z| = 1, α ∈ C, is the so-called canonical Christoffel transformation (see [10] ).
(ii) The perturbation dσ = dσ + M c δ α + M c δᾱ−1, α ∈ C − {0}, M c ∈ C, is the so-called Uvarov transformation (see [8] ).
(iii) The perturbation dσ = dσ |z−α| 2 , |z| = 1, and |α| 1 is the so-called Geronimus transformation (see [7] , [4] , [9] ).
These three transformations correspond, in an analogue way to the real axis, to linear transformations of the corresponding Carathéodory functions. This approach was studied in [8] . We will denote them by F C , F U , and F G , respectively.
The sequence of monic polynomials {Ω n } n 0 defined by
are called second kind polynomials associated with the functional L F . Notice that
These polynomials also satisfy the recurrence relation
and therefore {Ω n } n 0 is a monic orthogonal polynomial sequence with respect to a linear functional L F Ω .
Proposition 1 [8] Let
Φ n (z) be the n th degree monic orthogonal polynomial associated with the linear functional L F and define Ω n (z) as in (5) . Then
where F(z) and F Ω (z) are the Carathéodory functions associated with the linear functionals L F and L F Ω , respectively.
Thus, this is a special case of pure rational spectral transformation of F(z), that in the sequel will be denoted F Ω .
The Szegő transformation.
From a non trivial probability measure µ supported on [−1, 1], we can define a measure σ in [−π, π] as
Taking into account µ is a probability measure, i.e., 1 −1 dµ = 1, then σ is also a probability measure on the unit circle T = {z ∈ C : |z| = 1} and then there exists an orthonormal polynomial sequence that satisfies (2), as well as the corresponding monic polynomials. In this case, Φ n (0) ∈ (−1, 1), n = 1, 2, . . ..
Notice that, since the moments {c n } n 0 are real, the Carathéodory function F(z) associated with σ has real coefficients.
There is a relation between the Stieltjes and Carathéodory functions associated with µ and σ, respectively, as follows
with
In the sequel, µ is a non trivial probability measure supported on [−1, 1], and σ its corresponding probability measure supported on the unit circle, with real moments, defined via the Szegő transformation. We will denote Σ the Szegő transformation
The structure of the manuscript is the following. In section 2 we analyze the Carathé-odory function resulting of the Szegő transformation of the Stieltjes function for the associated polynomials of the first kind. Section 3 is focused in the Szegő transformation of the Stieltjes function of the anti-associated polynomials of the first kind. Finally, in section 4, we consider the antiimage, by the Szegő transformation, of the Carathéodory function of the second kind orthogonal polynomials associated with a probability measure supported on the unit circle.
The Szegő transformation and the associated polynomials of the first kind on the real line.
From a family of monic orthogonal polynomials {P n } n 0 , we can define the sequence of associated monic polynomials of order k, {P
n } n 0 , by means of the shifted recurrence relation [2] 
with P
The recurrence relation (8) can also be written in the matrix form
where
i.e, we have removed in the monic Jacobi matrix J, the first k rows and columns.
The Stieltjes function corresponding to the associated polynomials of order k, S (k) (x), can be obtained by the formula (see [16] , [17] )
where S k (x) is given by
Now, we analyze the Stieltjes function S (1) (x), corresponding to the associated polynomials of the first kind (k = 1) [6] . From (9) and (10), we have
where a 1 , b 0 are fixed parameters. We denote
Applying the Szegő transformation to (11), we obtain
where F Ω (z) is the Carathéodory function corresponding to the associated polynomials of the second kind with respect to the measure σ supported on the unit circle.
Notice that (13) can be expressed as the result of two consecutive linear spectral transformationŝ
In other words, we get
Therefore, the comparison with (13) yieldŝ
So we can takeÂ
Thus, we get
z .
On the other hand, in [8] it is shown that the canonical Christoffel transformation of a Carathéodory function is given by
where A c (z) = −ᾱz
+ (αc 1 −ᾱc 1 )z + α, and D c (z) = z. Normalizing F c (z) so that the first moment is equal to 1, the polynomials on the above transformation become
Thus, comparing the coefficients ofB 1 (z) and B c (z), we have
So it follows that α 1 ∈ R, and the comparison of the coefficients ofÃ 1 (z) and the remaining coefficients ofB 1 (z) with the coefficients of A c (z) and B c (z), respectively, yields
and
Thus,
This means that the zero of the complex polynomial of degree 1 in this Christoffel transformation must be real and equal to 1.
In a similar way, comparing the coefficients of the set of polynomials for the second Christoffel transformation, we obtain α 2 = −1, so the zero of the complex polynomial of degree 1 in the second Christoffel transformation is also real, and equal to −1. The Jacobi matrix for the new polynomials is
As a conclusion, we have proved

Proposition 2 Let S (1) (x) be the Stieltjes function corresponding to the associated polynomials of the first kind with respect to a probability measure µ. Then its image via the Szegő transformation isF(z), a Carathéodory function which is the product of two Christoffel transformations of F Ω (z), the Carathéodory function corresponding to the associated polynomials of the second kind with respect to the probability measure σ. In other words
These polynomials are called anti-associated polynomials of order k, and were analyzed in [12] .
Their corresponding Stieltjes formula can be obtained from [17] 
If k = 1, the antiassociated polynomials of the first kind appear, and its corresponding Stieltjes function S (−1) (x), given by (16) , is
where S (x) is the Stieltjes function associated with µ andã 
Here F(z) is a Carathéodory function associated to some measureσ supported on the unit circle. We now consider the Carathéodory function F Ω (z), corresponding to the associated polynomials of the second kind respect to the measureσ
Thus, we can express F Ω (z) as a linear spectral transformation of F(z) as follows
We now consider the linear functionalσ such that
Then, we have
Multiplying (22) by z k and adding up these expressions for k 2, we obtain
In other words,
so we haveF
− 2αc 1 z − αc 0 andc 0 is added to the denominator for normalization purposes.
This means that we can express the Carathéodory functionF(z) associated with σ as a linear spectral transformation of the Carathéodory function F(z) associated with σ as followsF
− α]c 0 . Now, comparing the polynomials of this new transformation with those of (21), from D(z) andD(z) we get
, and − αc 0 = − 1 4ã On the other hand, notice that (21) can be expressed as the product of two consecutive linear spectral transformations to F(z) as follows
This is,
So we can take
Thus, (21) is equivalent to the following transformations
Notice that F 1 (0) = F 2 (0) = 1, with the conditionb 0 = − 1 2
.
The above choice of polynomials is not unique. Other possible equivalence is
which are the same kind of transformations (25) and (26). Another equivalence is
Thus, we have proved We now proceed to analyze the Stieltjes function corresponding to the associated polynomials of the second kind with respect to a measure σ, supported on the unit circle, when we consider the antiimage via the Szegő transformation.
From Proposition 1 (iii) and (7), we get
,
is the Stieltjes function associated to F a (z) via the Szegő transformation. Theñ
Now we consider the Stieltjes functionS (x) of the anti-associated polynomials of the first kind respect to a probability measure µ supported on [−1, 1] given by (17) . , and then we apply the transformation (17) to S t (x), we obtain (27).
On the other hand, the Christoffel transformation of a Stieltjes function associated with a probability measure µ supported on the real line is given by (see [17] )
Notice that S t (x) can be expressed as the result of two consecutive Christoffel transformations to S (x) as follows . This is obtained by the product of two Christoffel transformations of S (x) followed by the transformation of the antiassociated polynomials of the first kind. In other words Σ −1
